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We formulate a minimal model of point contact Andreev reflection spectroscopy of a normal-
metal/multiband superconductor interface. The theory generalizes the Blonder-Tinkham-Klapwijk
(BTK) formulation to a multiband superconductor and it is based on the quantum waveguides
theory. The proposed approach allows an analytic evaluation of the Andreev and normal reflection
coefficients and thus is suitable for a data fitting of point contact experiments. The obtained
differential conductance curves present distinctive features similar to the ones measured in the
experiments on multiband systems, like the iron-based pnictides and the MgB2.
PACS numbers: 74.20.Rp, 74.50.+r, 74.70.Dd
Introduction. The superconducting matter, discovered
more than 100 years ago, gives the first known example of
macroscopic quantum phase coherence. Bardeen, Cooper
and Schriffer (BCS) provided an unifying framework able
to explain this state of matter in conventional systems,
where a phonon-mediated isotropic gap (s-wave pairing)
in the quasiparticle spectrum is open [1]. The advent of
high-Tc superconductivity, in the 80’s, has required the
inclusion of the d -wave symmetry of the order parameter
within the BCS formulation [2], despite the identification
of the glue of the condensed state remains an open issue.
In 2001, the discovery of the superconductivity in
MgB2 [3] has led to the concept that two in phase su-
perconducting gaps can coexist (s++ pairing) [4], as the-
oretically suggested few years later the BCS formulation
[5]. Recently, the observation of superconductivity in
Fe-based compounds has renewed the interest towards
multiband superconductivity. The pairing symmetry of
this new class of superconductors is still under debate,
even though the experimental evidences seem to be fa-
vorable to the s± pairing, implying that the electron-like
and the hole-like band both develop an s-wave supercon-
ducting state with order parameters of opposite sign [6].
Point contact Andreev reflection spectroscopy (PCAR)
represents a powerful method to probe the order param-
eter symmetry which characterizes the superconducting
state. As done for other superconducting systems [7–11],
the PCAR method has also been applied to the Fe-based
superconductors [12–18]. The conclusions of these stud-
ies, however, appear quite confusing due to the absence of
a simple theoretical framework able to capture the great
variety of features associated to the Andreev reflection
spectra of a normal-metal/multiband-superconductor in-
terface (N/s±/++). Indeed, despite several theoretical
efforts [19–22] have been made, a simple theory of PCAR
experiments in multiband systems is still lacking.
In this Letter we present the simplest extension of the
BTK theory [23] useful in describing the differential con-
ductance of a N/s±/++ system. Generalizing the quan-
FIG. 1: (Color online) Upper panel (a): Schematic representa-
tion of a normal-metal/multiband-superconductor interface.
Lower panel (b): Equivalent quantum waveguide model of
the physical situation described in (a). ΨN (x), ΨS1(x) and
ΨSN (x) represent the wave functions of the normal branch
and of the superconducting branches, respectively.
tum waveguides theory to include particle-hole scattering
processes, analytic expressions of the Andreev and nor-
mal reflection coefficients are derived, the latter being of
direct use in the data analysis. We demonstrate that,
using a limited number of parameters, several distinctive
features of PCAR experiments on both MgB2 and Fe-
based superconductors can be easily explained.
Theoretical description. We model the ballistic interface
[24] between a normal tip and a multiband supercon-
ductor by using the quantum waveguides theory [20, 25]
(see Fig. 1). In this framework, the physical system
is represented by a network formed by interconnected
one-dimensional branches. Each superconducting branch
Si, representing the i−th band, is described by a lo-
cal Bogoliubov-de Gennes Hamiltonian. The eigenvalues
problem for the wave function ΨSi is thus written as
[
Hˆi(x) ∆i
∆∗i −Hˆ∗i (x)
]
ΨSi(x) = EΨSi(x), (1)
2where ∆i = |∆i|eiφi represents the gap of the i−th band,
while the single particle Hamiltonian takes the form:
Hˆi(x) =
[
− ~
2∂2x
2mSi
− EF + V (i)int(x)
]
, (2)
with V
(i)
int(x) = Uiδ(x) the band-dependent interface po-
tential controlling the tip-superconductor coupling and
mSi the mass of the i−th superconducting branch. Sim-
ilarly, in the normal side of the junction the eigenvalues
problem is obtained from Eq. (1) making the substitu-
tions: ΨSi(x) → ΨN(x), ∆i → 0, mSi → mN , Ui → 0.
Once the eigenvalues problem has been solved for each
branch, the branch wave functions ΨN (x) and ΨSi(x),
i = 1, ..., N , are written in terms of eigenstates of the
local Hamiltonians, i.e.:
ΨN (x) =
(eikNx + be−ikNx)√
kN
|e;N〉+ ae
ikNx
√
kN
|h;N〉
ΨSi(x) =
t
(i)
e eikix√
ki
|e;Si〉+ t
(i)
h e
−ikix
√
ki
|h;Si〉, (3)
with a and b the Andreev and normal reflection coeffi-
cients, while t
(i)
e/h are transmission coefficients as electron
and hole quasiparticles. The electron and hole spinors of
the normal side, |e;N〉 = (1, 0)t and |h;N〉 = (0, 1)t, are
used to express the ones of the superconducting side
|e;Si〉 = ui|e;N〉+ vie−iφi |h;N〉
|h;Si〉 = vieiφi |e;N〉+ ui|h;N〉, (4)
while u2i = 1 − v2i = (1 +
√
E2 − |∆i|2/E)/2 are the
usual coherence factors. In writing Eqs. (3), we have
taken the wavevectors of the electron-like |e;N/(Si)〉 and
hole-like |h;N/(Si)〉 quasiparticles as equal (Andreev ap-
proximation), while we fixed kN =
√
2mNEF /~2 = kF ,
ki = rikF , being r
2
i = mSi/mN the effective mass ratio.
In order to avoid unessential technicalities, hereafter we
focus on the metallic limit of the interface (V
(i)
int(x)→ 0).
The latter assumption does not affect too much the re-
sults; indeed, taking different effective masses in the net-
work branches simulates a band-sensitive interface po-
tential which favors tunneling processes into a specific
band of the superconducting region. Thus, the low-
transparency limit is also included in this description.
The particle wave functions must be single-valued at the
network node x = 0, thus implying the following match-
ing conditions:
ΨN (x = 0) = ΨS1(x = 0) = ... = ΨSN (x = 0). (5)
The probability current in the branch N (Si) is given by
JN/Si(x = 0) = ~ m
−1
N/Si
Im[Ψ†N/Si(x)∂xσˆzΨN/Si(x)]x=0
and thus the associated conservation law is JN (x = 0) =∑
i JSi(x = 0), where σˆz is the Pauli matrix. Combining
Eqs. (5) with the probability current conservation law,
we obtain a second set of boundary conditions:
∑
i
r−2i ∂xΨSi(x)
∣∣∣
x=0
−∂xΨN (x)
∣∣∣
x=0
= 0. (6)
Eqs. (5)-(6) completely define the scattering problem and
allow the computation of the Andreev and normal reflec-
tion coefficients, namely a and b, and t
(i)
e/h. The prob-
ability currents JN , JSi can be written in terms of the
scattering coefficients as JN = ~ m
−1
N
(
1−|b|2−|a|2) and
JSi = ~ m
−1
Si
Ωi
(|t(i)e |2 + |t(i)h |2), with Ωi = |ui|2 − |vi|2.
From the current conservation law it follows that the
sum of the Andreev and normal reflection probabili-
ties, |a|2 and |b|2, and of transmission as electron-like
or hole-like quasiparticle in the i−th band, r−2i Ωi|t(i)e |2
and r−2i Ωi|t(i)h |2, add up to one, i.e.
|a|2 + |b|2 +
∑
i
r−2i Ωi
(|t(i)e |2 + |t(i)h |2) = 1. (7)
The function Ωi(E), which controls the band-sensitive
tunneling, vanishes when the quasiparticle energy E <
|∆i|, while for E ≫ |∆i| it asymptotically approaches
1. Since the behavior of Ωi(E) strongly depends on the
considered band, an inhomogeneous distribution of the
probability current among the superconducting branches
Si is expected. The inhomogeneous distribution of the
particles flux is also controlled by different values of band
effective mass mSi (within the parabolic band approxi-
mation) inside the superconductor. The charge current I
flowing through the tip is given by the standard expres-
sion [23]:
I ∝
∫
dE[f(E− eV )− f(E)][1+ |a(E)|2− |b(E)|2], (8)
where f(E) is the Fermi function and V represents the
voltage bias across the interface. At zero temperature,
the differential conductanceG(V ) = dI/dV of the system
normalized to the normal state conductance GN , takes
the following form:
G(V )
GN
=
1 + |a(E = eV )|2 − |b(E = eV )|2
1− |b(E →∞)|2 , (9)
while effects of finite quasiparticle lifetime [26] (τ = ~/Γ)
can be included substituting E → E − iΓ in Eq. (9).
Results for a two-band model. We first focus on the rel-
evant case of a two-bands superconductor characterized
by ∆i = |∆i|eiφi , i = {1, 2}, and effective masses mS1/2 ,
while we assume that the effective mass mN coincides
with the bare electron mass. Without loss of general-
ity, we set φ1 = 0, φ2 = δ, |∆2| = γ∆1 and measure
the energy in unit of ∆1 [27]. The case we are treating
describes at least two distinct physical situations: (i) a
superconductor with two bands both coupled to the nor-
mal side of the junction; (ii) a multiband superconductor
3in which only two bands are coupled to the normal side of
the system. In the former case, detecting δ = 0 or δ = π
reflects the internal pairing symmetry s++ or s± of the
system, while, in the latter case, the detection of a phase
difference δ = 0 or π between the two order parameters
could be the effect of the (contact-dependent) coupling
among tip states and a small subset of the superconduct-
ing bands [28].
Using Eqs. (5) and (6), we derived the Andreev and nor-
mal reflection coefficients as reported below
a =
4r1r2(r1w1u2v2 + e
iδr2w2u1v1)
eiδ[w1w2(r21r
2
2 + r
2
1 + r
2
2) + 2r1r2(1 + r1w1 + r2w2)]− 8r1r2u1v1u2v2
(10)
b =
8r1r2u1v1u2v2 + e
iδ[w1w2(r
2
1r
2
2 − r21 − r22)− 2r1r2]
eiδ[w1w2(r21r
2
2 + r
2
1 + r
2
2) + 2r1r2(1 + r1w1 + r2w2)]− 8r1r2u1v1u2v2
,
where wi = u
2
i − v2i . Eqs. (10) represent the main result
of this work and include mass mismatch and interference
effects between the two order parameters. The inclusion
of appropriate effective masses for the superconducting
bands is a crucial ingredient to account for the partition-
ing of the incoming current among the superconducting
channels. For E →∞, the Andreev reflection coefficient
goes to zero, while b(E →∞) = (r1r2 − r1 − r2)/(r1r2 +
r1+ r2). In the absence of mass mismatch (r1 = r2 = 1),
the transmission probability of the junction in the nor-
mal state, 1− |b(E →∞)|2, takes the value 8/9, indicat-
ing that the bottleneck effect induced by the Y-junction
enhances the reflection probability compared to a single
channel geometry. Within the standard (single channel)
BTK picture a transmission probability T of 8/9 would
be obtained by considering a delta-like potential char-
acterized by a BTK parameter ZBTK =
√
2/4 ≈ 0.35
(notice that T = (1 + Z2BTK)−1 = 8/9). In order to
study the interference effects between the two order pa-
rameters, we consider the zero energy limit of Eqs. (10):
a(E → 0) = − 2ir1r2(r1 + e
iδr2)
2r1r2 + eiδ(r21r
2
2 + r
2
1 + r
2
2)
(11)
b(E → 0) = e
iδ(r21r
2
2 − r21 − r22)− 2r1r2
2r1r2 + eiδ(r21r
2
2 + r
2
1 + r
2
2)
.
For the s± pairing (δ = π), Eqs. (11) show that the
Andreev reflection is strongly suppressed and eventually
vanishes for r1 = r2. In the latter case, the suppres-
sion of the Andreev mechanism combined with the ab-
sence of available quasiparticle states below the gap in
the superconducting side of the junction produces the
total (normal) reflection of the incident particle (|b|2 =
1). Under this condition the zero-bias conductance is
zero (Fig. 2 (a)), while the conduction is restored when
r1 6= r2 (Fig. 2 (c)). In real systems, the complete sup-
pression of the zero-bias Andreev reflection is hindered
by the different values of effective mass which usually
characterize the superconducting bands. For the s++
pairing (δ = 0), the presence of two bands only produces
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FIG. 2: (Color online) Normalized differential conductance
G/GN vs ǫ/∆1 (a) and the Andreev reflection probability |a|2
(b) obtained by fixing γ = 3, r1 = r2 = 1.2. The lower panels
(c), (d) are obtained assuming γ = 3, r1 = 0.6, r2 = 0.8.
Notice the completely destructive interference effect of the
Andreev reflection in the s± case (a)-(b), and the restoring of
zero-bias conduction as the condition r1 6= r2 is met (c)-(d).
a reduction of the zero-bias Andreev reflection probabil-
ity (Fig. 2 (b)) and a corresponding enhancement of the
normal reflection probability. All these features are illus-
trated in Fig. 2 where the differential conductance G/GN
and the Andreev reflection probability |a|2 are reported
by fixing γ = 3, r1 = r2 = 1.2 in the upper panels (a)-(b),
and γ = 3, r1 = 0.6, r2 = 0.8 in the lower panels (c)-(d).
The mechanism leading to the formation of a zero-bias
peak starting from a completely suppressed conductance
is explored in Fig. 3 where G/GN vs ǫ/∆1 is given for
s± (a) and s++ (b) symmetry. For the s± case, taking
γ = 2 and r1 =
√
0.75, the zero bias conduction is re-
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FIG. 3: (Color online) Normalized differential conductance
G/GN vs ǫ/∆1 for an N/s± interface (a) and N/s++ interface
(b). The model parameters have been fixed as follows: γ = 2,
r1 =
√
0.75, while r2 takes values
√
0.75 (bottom curve), 1,√
1.25,
√
1.5,
√
1.8 (top curve). An offset of (n−1)/4 has been
added to the nth curve. In the N/s± case, the reactivation
of the Andreev reflection induced by an r2 6= r1 gradually
induces a zero-bias peak surrounded by two dips located at
energy ǫ ≈ ∆1 and ǫ = ∆2, respectively.
stored as the mass ratio r2 is increased. For the s++ case
a double peak structure, less sensitive to the r2 change,
is always present. Differential conductance curves simi-
lar to the one reported in Figs. (2)-(3) have already been
experimentally found in Refs. [15, 17, 18] giving evidence
of both s++ and s± pairing symmetry. This is only an
apparent ambiguity since it has been shown that, under
appropriate circumstances, the s± symmetry can be con-
verted into the s++ pairing in the vicinity of a reflecting
surface [29].
The low-transparency regime of the system is exam-
ined in Fig. 4 where the differential conductance of the
N/s± (a) and N/s++ (b) junction is reported by fixing
γ = 3, r1 = 0.7 and letting r2 varying from 0.15 to 0.65
as in the figure caption. While the differential conduc-
tance of the N/s++ case presents a single minimum for
ǫ < ∆1, interesting subgap structures are present in the
N/s± case. In the latter case (Fig. 4 (a)), the increasing
of r1 produces the coalescence of two conductance peaks,
which form a single zero bias structure for r1 ≥ 0.5. A
further increasing of r1 first produces a lowering of the
peak amplitude and then, for r1 ≈ r2, a completely sup-
pressed conductance. These subgap structures are associ-
ated to Andreev bound states which manifest themselves
as complex poles of the Andreev reflection coefficient (see
Eqs. (10)). The pole energies are solution of the equation
(ξ = ǫ/∆1)
√
(1− ξ2)(γ2 − ξ2)r
2
1r
2
2 + r
2
1 + r
2
2
2r1r2
− ξ2 + (12)
−ir1ξ
√
1− ξ2 − ir2ξ
√
γ2 − ξ2 + γe−iδ = 0
coming from the divergence condition of the scattering
coefficients (a or b). We numerically solved Eq. (12) set-
ting the model parameters as in Fig. 4 (a) (s± case).
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FIG. 4: (Color online) Normalized differential conductance
G/GN vs ǫ/∆1 for an N/s± interface (a) and N/s++ interface
(b). The model parameters have been fixed as follows: γ = 3,
r2 = 0.7, while r1 takes values 0.15 (arrow tail), 0.3, 0.5, 0.6,
0.65 (arrow head). For the N/s± interface with r1 = 0.5,
a zero-bias peak is formed by the fusion of two conductance
peaks, the latter structure being absent in the s++ case (b).
(c) ǫR/∆1 vs r1 fixing the model parameters as in panel (a),
±ǫR−iǫI being the poles of the Andreev reflection coefficient.
The vertical bars indicate the imaginary part ǫI/∆1 of the
pole, while the dashed line is a guide for the eyes.
The solution presents poles of the form ξ± = ±ξR − iξI
having opposite real part and coincident imaginary part.
According to Ref. [19], no bound states exist at ener-
gies between the two gaps. In Fig. 4 (c) we show the
real part ξR = ǫR/∆1 (dot symbols) and the imaginary
part ξI = ǫI/∆1 (vertical bars) of ξ+ evaluated at dif-
ferent values of r1. By increasing r1, ξR goes to zero
and, correspondingly, ξI increases. When the condition
ξI ≫ ξR ≈ 0 is reached, the two poles ξ+ and ξ− cause
a single zero-bias peak in the conductance (Fig. 4 (a)),
despite their real parts remain distinct. The above ar-
guments correlate the pole structure of the scattering
coefficients with the subgap features peculiar of the s±
symmetry.
In conclusion, we provided a minimal model of the trans-
port properties of a normal-metal/multiband supercon-
ductor interface based on the quantum waveguides the-
ory. For a two-band superconductor (s±/++), an analytic
expression of the conductance is derived, showing, for the
s± pairing, destructive interference between the order pa-
rameters. The mass mismatch among the superconduct-
ing bands is taken into account and determines, together
with the gap ratio ∆2/∆1, how the incident particles
flux is partitioned among different conducting channels.
5The theory captures the genuine multiband nature of the
problem and describes effects which do not simply derive
from an incoherent sum of distinct single-band tunneling
probabilities.
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